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Abstract
We evaluate the 4-point function of the auxiliary field in the critical O(N) sigma model at O(1/N) and show that it describes
the exchange of tensor currents of arbitrary even rank l > 0. These are dual to tensor gauge fields of the same rank in the AdS
theory, which supports the recent hypothesis of Klebanov and Polyakov. Their couplings to two auxiliary fields are also derived.
 2003 Elsevier Science B.V.
1. Introduction
One of the outstanding problems in gauge theory is
to understand their low energy behaviour. Since these
theories are asymptotically free, standard perturbative
techniques do not apply.
In the last five years we learned a lot about the
strong coupling behaviour of supersymmetric Yang–
Mills theory in the large N limit, where N is the num-
ber of colors. This progress is based on Maldacena’s
conjecture [1–3], which states that four-dimensional
N=4 supersymmetric Yang–Mills theory in the large
N and large ’t Hooft coupling λ limit is dual to type
IIB supergravity in the AdS5 × S5 background. This
conjecture has been successfully tested and general-
ized in many ways (see [4,5] and references therein).
Now the next logical step would be the consideration
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of the small λ limit of the conjecture. The theory de-
scribing this limit is a theory containing fields of arbi-
trary high spins [6–10]. Unfortunately, these theories
are not very well understood for general dimensions.
Thus it is reasonable to study the AdS/CFT corre-
spondence at simpler models in order to find exten-
sions of the duality on the one hand and to obtain state-
ments about higher spin theories on the other.
In a recent work by Klebanov and Polyakov [11] a
conjecture about the dual theory of the critical O(N)
sigma model was formulated. The claim is that if one
considers the four-dimensional minimal higher spin
gauge theory with symmetry group hs(4) in AdS4
and applies the standard AdS/CFT procedure, then
one obtains correlation functions of some fields in the
O(N) sigma model at its critical point, which is well
known to be a conformal field theory.
In this Letter we want to add some evidence
supporting this conjecture. The minimal higher spin
gauge theory consists of Abelian gauge fields h(l)
which are symmetric tensor fields of even rank l  0.
Among these, we denote the scalar field by σ := h(0).
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On the other side of the duality there is the critical
O(N) sigma model, which has as fundamental degrees
of freedom the Heisenberg spin field φ and the
auxiliary field α.
According to the general AdS/CFT procedure, the
boundary values of the gauge fields are sources for
conformal field theory operators, which are symmetric
tensor fields of the same rank as the source. In the
model investigated by Klebanov and Polyakov the
scalar field in AdS has the operator φ · φ as boundary
value and is thus dual to the auxiliary field α in
the sigma model. The other higher spin fields h(l) in
AdS with l  2 are dual to some spacetime tensor
operators J (l), which are bilinears in the φ-field, such
that they transform as singlets under O(N). Moreover,
the conformal dimensions are fixed by the requirement
that the gauge fields are massless.
By inspecting the α four-point function up to order
O(1/N) obtained from a sigma model computation,
we find that the only exchanged fields, which are
neither α nor composites of α fields, are the duals of
the higher spin gauge fields. We emphasize that this
is far from being trivial, since in general one would
expect all fields with conformal dimensions
(1)∆= d + l − 2+ 2t, t ∈N
to contribute to the four-point function. Moreover we
have been able to compute all couplings γl of two
α fields to an exchanged tensor J (l). Now it follows
by the duality that all three point couplings of the
gauge fields in AdS are fixed, which is compatible
with gauge invariance [9].
Furthermore, we were able to solve the puzzle of
the shadow field for this model by showing that the
shadow field of the α-field, which inevitably appears
in α exchanges, is part of the amplitudes, where the
composite tensor operators J (l) are exchanged.
Our results rely heavily on the detailed knowledge
about the critical O(N) sigma model gained in [12,13]
(see also the references therein).
2. The critical sigma model
We formulate the conformal field theory corre-
sponding to the critical sigma model in d spacetime
dimensions with 2<d<4 by two bosonic fundamen-
tal fields: the scalar Heisenberg spin field φ, which
transforms as an O(N) vector, and the scalar auxiliary
field α, which is a singlet under O(N). Their propaga-
tors are given by
〈
φa(x1)φb(x2)
〉=Aδab(x212)−δ,
denoted by a solid line,〈
α(x1)α(x2)
〉= B(x212)−β,
(2)denoted by a dashed line,
where δ and β are the conformal dimensions of the
respective fields, A and B are normalization constants
and a, b are indices of the vector representation of
O(N). These fields interact via
(3)z1/2α(x) φ(x) · φ(x).
The conformal dimensions are composed of a canoni-
cal part and an anomalous contribution, which can be
expanded as a series in 1/N :
δ = µ− 1+ η, η=
∞∑
k=1
ηk
Nk
,
(4)β = 2− 2η− 2κ, κ =
∞∑
k=1
κk
Nk
,
where we introduced the convenient abbreviation
(5)µ= d
2
.
If A and B in (2) are absorbed in the coupling constant
(which is assumed from now on), the normalizations
of the propagators equal one and the coupling constant
takes a fixed value at the critical point. This fixed value
can also be expanded in 1/N :
(6)z=
∞∑
k=1
zk
Nk
.
The coefficients ηk, κk, zk are functions of d . Among
them, η1, η2, η3, κ1, z1, z2 have been computed [14–
16]. In the present context we only need
(7)z1 = 2π−2µ (µ− 2)Γ (2µ− 2)
Γ (µ)Γ (1−µ) .
With these propagators and this interaction, the
four-point function of the α fields can be computed
perturbatively. At order 1/N there are nine graphs
which contribute to the four-point function: at order 1,
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we have
(8)
At order O(1/N) there are the exchange graphs
(9)
and the box graphs
(10)
Then we obtain for the α four-point function including
terms up to order O(1/N)〈
α(x1)α(x2)α(x3)α(x4)
〉
=A1 +A2 +A3 + 1
N
{
z31(B11 +B12 +B13)
+ z21(B21 +B22 +B23)
}
(11)+O
(
1
N2
)
.
The A graphs consist only of two-point functions,
therefore they are of order 1, and in the B graphs
we have six (respectively four) vertices, each giving
a factor of N−1/2, and two (respectively one) closed
φ loops, each contributing a factor of N . Thus the
B graphs are indeed of order 1/N . These graphs
are evaluated in terms of the conformally invariant
variables
(12)u= x
2
13x
2
24
x212x
2
34
, v = x
2
14x
2
23
x212x
2
34
.
Next we will apply an operator product expansion
in the channel
(13)x13 = x1 − x3 → 0, x24 = x2 − x4 → 0,
which is the same as
(14)u→ 0, v→ 1.
Operator product expansions in other channels corre-
spond to analytic continuations of the above result and
present no further problem.
In the OPE of (11) in the above channel, composite
fields with approximate (exact at N =∞) dimensions
∆(0), which are symmetric traceless tensors of even
rank l show up. These are operators composed of two
α fields with approximate dimensions
(15)∆(0)2α = 4+ 2t + l,
and operators composed of two φ fields with approxi-
mate dimensions
(16)∆(0)2φ = 2µ− 2+ 2t + l.
These composite operators can be represented as
towers. We denote the tower corresponding to the
composite operators of φ fields as tower I and the
one of the α fields as tower II. In the OPE there are
furthermore the unit operator (graph A2) and the α
field itself (graphB12) exchanged. The anomalous part
of the dimensions of the composite fields from tower
II are of order O(1/N) and can be read off from
the coefficients of the logu terms in the B graphs.
The anomalous dimensions of the composite operators
in tower I can only be obtained from a calculation
including terms of order O(1/N2).
One of the main results of the present investigation
is the observation that only those composite fields
from tower I (16) with
(17)t = 0, l > 0 and even
appear in the OPE. Therefore we only have tensor
fields with conformal dimensions
(18)∆(0)2φ
∣∣
t=0 = 2µ− 2+ l,
to first order O(1/N). Thus the tensors in the tower
(16) with t = 0 are to be identified with the duals of
the gauge fields.
If these were the exact dimensions of tensor fields
from tower I with t = 0, then these fields were
conserved currents. We know that all currents acquire
anomalous dimensions in the interacting theory, see
Eq. (3.36) and Fig. 5 in [13], except the field with
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l = 2. On the CFT side this corresponds to the energy–
momentum tensor, which is conserved and has no
anomalous dimension. On the AdS side this field
corresponds to the fluctuations of the metric around
the AdS background
(19)gµν = gAdSµν + h(2)µν ,
which must be massless due to the masslessness of
the gravitons. By definition of the energy–momentum
tensor Tµν = J (2)µν it follows that h(2) and J (2) are
indeed dual.
Now we turn to the calculation of the coupling
constants of two α fields to the tensors J (l), which will
also imply the result that only tensors of tower I with
t = 0 appear in the OPE of the α four-point function.
Most results of the actual calculation are taken from
[12], and we use the notation of this reference. Here it
was also found that the α three point coupling constant
γ0 is given by the equation
(20)γ 20 =
8
N
(2µ− 3)2Γ (2µ− 2)
Γ (3−µ)Γ (µ− 1)3 +O
(
1
N2
)
,
which implies that γ0 vanishes at d = 3.
The α four-point function can be written as a sum
of exchange graphs in the direct and crossed channels.
The exchanged fields are the α and the composite
fields of both towers I and II. The contributions of
tower (16) come from the c(12)nm , c(21)nm and c(22)nm terms
of the respective graphs B12,B21 and B22:
(21)(x212x234)−βuδ−β
∑
n,m0
un(1− v)m
n!m! c
(ij)
nm ,
together with a constant factor split off to achieve
the normalization c(ij)00 = 1. Then we get for the
contributions of the tensors in the tower I, which are
the composites of the φ fields, to the α four-point
function
〈
α(x1) · · ·α(x4)
〉∣∣
I
= 1
N
(
z31B12 + z21(B21 +B22)
)∣∣
I
= (x212x234)−βuδ−β
∑
n,m0
un(1− v)m
n!m! 4(2µ− 3)
2
(22)× (−2c(12)nm + c(21)nm + c(22)nm ),
where1
c(12)nm =
(µ− 1)n[(µ− 1)n+m]2
(2µ− 2)2n+m ,
c(21)nm =
n![(µ− 1)n+m]2
(2µ− 3)2n+m
×
n∑
s=0
(2µ− 4)n+m+s (µ− 2)s
s!(2µ− 3)n+m+s ,
(23)
c(22)nm =
(n+m)!(µ− 1)n(µ− 1)n+m
(2µ− 3)2n+m
×
n+m∑
s=0
(2µ− 4)n+s (µ− 2)s
s!(2µ− 3)n+s .
If we denote
(24)Cnm =−2c(12)nm + c(21)nm + c(22)nm
then it is easy to see that C00 = C01 = 0, implying
that the contributions of tower I to the α four-point
function at order O(1/N) starts with a tensor of
rank 2. We note that the 1/N dependence is hidden
in the normalization of the c(ij)nm .
On the other hand, with the help of the ‘master for-
mula’ of [13], Eqs. (2.16)–(2.20), we can compute the
four-point exchange amplitude Wβ(x1, . . . , x4;∆, l)
of a rank l symmetric tensor field of dimension∆ from
(18) with four α fields of dimension β as external legs.
With the ad hoc normalization
(25)α(l)0l = 1
we get
Wβ(x1, . . . , x4;∆, l)
(26)= (x212x234)−βuδ−β
∑
n,m0
un(1− v)m
n!m! α
(l)
nm
with
α(l)nm =
n∑
s=0
(−1)s
(
n
s
)(
m+ n+ s
l
)
(27)
× (µ− 1+ l)m−l+n(µ− 1+ l)m−l+n+s
(2µ− 2+ 2l)m−l+n+s ,
1 In the equation for c(22)nm a misprint in [12], namely a wrong
factor of 1/n! in Eq. (C.10) was corrected.
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where we define the Pochhammer symbols by
(28)(z)n = Γ (z+ n)
Γ (z)
for all n ∈ Z.
Now we look for the coupling constants of the α fields
to the rank l tensor fields with the dimension ∆ from
(18). We do this by making the ansatz
(29)
〈
α(x1) · · ·α(x4)
〉∣∣
I
=
∑
l>0
l even
γ 2l Wβ(x1, . . . , x4;∆, l)
which reduces after insertion of Eqs. (22), (23), (26)
and (27) to
(30)4(2µ− 3)2Cnm =
∑
l>0
γ 2l α
(l)
nm.
It looks like a surprise that this equation has a solution
at all, because from the CFT point of view one expects
the necessity of further exchange amplitudes of tensors
with dimensions (16) with t > 0 on the right-hand
side. But we indeed solved this equation via computer
algebra up to tensor rank 8 and obtained the solution
(l  2 and even)
(31)γ 2l =
(l!)2
23l−5
(
µ+ l2 − 1
)
l
2(
µ− 12
)
l−1
(
µ− 12
)
l
2−1
.
Now that we know that a solution to this equation
exists, we can also obtain it by setting n = 0 in (30)
and inverting the triangular matrix α(l)0m:
(32)
m∑
l=0
σ
(k)
l α
(l)
0m = δkm.
The solution to this equation is given by
(33)σ (k)l = (−1)l−k
(
l
k
) [(µ− 1+ k)l−k]2
(2µ− 3+ k + l)l−k .
Thus we also have an algebraic check for the extrapo-
lated results from the computer algebra.
Let us finally mention that all these results are
based on a 1/N expansion, and that we only con-
sidered the first order O(1/N). These structures are
modified in the next perturbative order. In particu-
lar, there are contributions of the tower (16) with
t > 0 to the α four-point function, e.g., from a graph
like
(34)
at order O(1/N2).
3. Consequences for the AdS dual
According to the proposal of Klebanov and Polya-
kov the critical O(N) sigma model is the AdS dual
of the minimal higher spin theory with symmetry
group hs(4). This is a theory of infinitely many
Abelian gauge fields, which are symmetric tensor
fields of rank l with l = 0,2,4, . . . , each of these
ranks occurring once. Due to gauge invariance, these
fields are supposed to be massless, at least at first order
in a perturbative expansion. Although the nonlinear
action is known, we have no information about the
concrete form and values of the couplings at hand.
Nevertheless, the cubic couplings are supposed to be
fixed by gauge invariance.
The results of the previous section fit nicely into
the scheme of Klebanov’s and Polyakov’s proposal,
because to first order the only exchanged fields, which
are not composite operators of α fields, are those
which are dual to the massless gauge fields in AdS.
Furthermore, any tensor field in the OPE of the α
four-point function with t > 0 would imply that more
than one field of a given tensor rank, which is not a
composite operator of α fields, must exist in the AdS
theory. But this would be incompatible with the higher
spin theory, since any tensor rank may appear at most
once.
We assume the interactions to be local and write
down Witten graphs to reproduce the behaviour of the
α four-point function. To this end we first consider the
graph B12 in the sigma model, which is one-particle
reducible with respect to the α field in the channel (14)
(35)
B12 ∼
∑
n,m0
un(1− v)m
n!m!
(
uδ−βc(12)nm + uµ−δ−βdnm
)
.
Since α is a fundamental field, the α exchange graph
must contain besides the “direct” term, which is the
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series with the coefficients dnm, also the “shadow”
term, corresponding to the coefficients c(12)nm . We can
reproduce the singular behavior of the CFT direct
channel by a Witten graph
(36)
if we introduce a cubic interaction in AdS
(37)g3σ 3, g3 =O
(
N−1/2
)
.
This graph produces the correct direct channel, but the
shadow term is missing. To solve this problem, we
note that since the tensor fields J (l) are dual to the
gauge fields, the sum of the exchange diagrams of the
tensor fields J (l) are to be recovered in the following
sum of Witten graphs
(38)
∑
l>0
l even
with the couplings
(39)f2,lσ 2h(l), f2,l =O
(
N−1/2
)
.
In the previous section we have seen that the shadow
term of the α field, which corresponds to the coeffi-
cients c(12)nm , is part of the coefficients Cnm, which is
related by the solution of Eq. (30) to the sum of the
exchange graphs of the tensors J (l). Thus the shadow
term of the α exchange is loosely speaking ‘hidden
in the tensor exchange’, and the same applies to the
boundary theory of the higher spin theory in AdS. The
fact that the shadow term of the α exchange graph is
part of the tensor exchange graphs can be explained
in the following way: the graphs B21 and B22 with
the coefficients c(21)nm and c(22)nm contain one φ-loop. The
shadow field of the α field is φ · φ in the sigma model,
whereas the rank l tensors J (l) arise by application of
differential operators of order l on each factor of φ · φ
(at leading order). Thus the shadow term fills up the
l = 0 gap in the tower of conserved currents in a nat-
ural way.
Now we know that the couplings of the tensors
J (l) to the α field in the CFT are fixed by (31) and
the cubic α coupling is fixed by the above argument
based on shadow symmetry. Thus, if Klebanov’s
and Polyakov’s conjecture is true, then we have a
further argument for all cubic couplings of the gauge
fields to be fixed, which is compatible with gauge
invariance.
Analogous considerations apply to (n1 + n2)-point
functions of α fields with an OPE connecting a set of
n1 with a set of n2 α fields
(40)
∑
3
where there are n1 α-legs on the left and n2 on the
right. The connected (n1 + n2)-point function with an
α-exchange is given in lowest order by a graph with
two φ-loops
(41)
Again, the direct term is produced by a Witten graph
like, e.g.,
(42)
This graph is of the order O(N− 12 (n1+n2−2)), but if we
replace some of the cubic couplings by couplings like
(43)gnσn, with gn =O
(
N−
1
2 (n−2))
the order in 1/N is preserved. As before, there are
l-rank tensor exchange amplitudes in CFT absorbing
the shadow term of the α-exchange amplitude. These
are produced by graphs of the following type
(44)
The Witten graphs which give these amplitudes are of
the following form
(45)
∑
l>0
l even
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which are again of the order O(N 12 (n1+n2−2)). If
couplings like
(46)fn,l σ nh(l), with fn,l =O
(
N−
1
2 (n−1))
are used, the order O(N 12 (n1+n2−2)) is maintained.
However, shadow symmetry imposes certain poly-
nomial relations for every n1 and n2 on the coupling
constants fn,l and gl .
Finally, we want to fix the overall normalization
of the Witten four-point graphs corresponding to an
exchange of a gauge field of tensor rank l (single
summand of (38)). This can be done in the following
way. Although the action is not explicitly given for our
purpose, we make the assumption that the coupling
of two scalars to the graviton in the bulk is the
usual one that comes from the covariant derivatives
in the kinetic terms of the scalar fields. The resulting
graviton exchange graph was calculated in [17] as a
sum of power series in (u,1− v) and we display only
that part, which contains terms singular in u
Gsing.(x1, . . . , x4)
=−πµc˜K4∆
(
x212x
2
34
)−∆(∆Γ (∆+ 1−µ)
Γ (∆)
)2
×
∑
n0
un+µ−∆−1
n!
Γ (µ− 1+ n)3
Γ (2µ+ 2n− 2)
(47)
×
{
1−µ
2µ− 1F
[
µ− 1+ n,µ− 1+ n
2µ+ 2n− 2 ;1− v
]
+ µ+ n− 1
2µ+ 2n− 1
× F
[
µ− 1+ n,µ+ n
2µ+ 2n ;1− v
]}
,
where ∆ denotes the conformal dimension of the
external legs, i.e., in our case ∆ = β = 2, c˜ is the
normalization of the graviton propagator and K∆ is
the normalization of the bulk-to-boundary propagator.
As noted in [17], this term exactly agrees with the
exchange of the energy–momentum tensor in the
boundary CFT. Thus we can compare the coupling
of the energy–momentum tensor to the scalars in
the boundary CFT with that one from the sigma
model by forming the quotient of the (n,m) = (0,2)
summands:
(48)
〈αααα〉
Gsing.
∣∣∣∣
(n,m)=(0,2)
= 1
N
2µ− 1
πµc˜K42
Γ (2µ)
Γ (µ)3Γ (3−µ)2 .
Note that there is a factor proportional to 1/N in the
numerator of the left-hand side of (48), which comes
from the natural normalization of the α four-point
function.
By this procedure, together with the couplings of
the tensors to the scalars in the sigma model (31), we
fixed all cubic couplings of the higher spin fields h(l)
to the scalars σ in the boundary CFT, and thus also in
the AdS theory.
4. Conclusion and outlook
As we have seen above, we have found a method
of testing the conjecture of Klebanov and Polyakov.
Unfortunately, it cannot be evaluated, since we have
no explicit form of the interaction terms in the AdS
theory at hand. Thus it would be highly desirable to
obtain these, but there is progress in this direction [18].
Our results are based on the inspection of the α
four-point function. However, we are also able to
compute every n-point function of the tensor fields
J (l) at leading order O(1/N).
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